DE GRUYTER Russ. J. Numer. Anal. Math. Modelling 2015; 30 (4):227-237

Gayaz S. Khakimzyanov*, Oleg I. Gusev, Sofya A. Beizel, Leonid B. Chubarov, and
Nina Yu. Shokina

Simulation of tsunami waves generated by
submarine landslides in the Black Sea

Abstract: Numerical technique for studying surface waves appearing under the motion of a submarine land-
slide is discussed. This technique is based on the application of the model of a quasi-deformable landslide
and two shallow water models, namely, the classic (dispersion free) one and the completely nonlinear dis-
persive model of the second hydrodynamic approximation. Numerical simulation of surface waves generated
by a large model landslide on the continental slope of the Black Sea near the Russian coast is performed.
It is shown that the dispersion has a significant impact on the picture of propagation of tsunami waves on
sufficiently long paths.
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The water area of the Black Sea is specific for its high seismic activity [37] and is exposed to potential risk
of tsunami waves [43, 49] generated not only by strong earthquakes, but also by submarine landslides [45]
that may be caused by even weak seismic events. Bottom sediments sometimes lose their strength and begin
movement over an underwater slope even without the impact of any earthquake [1, 24, 38].

Geophysical and hydrographic studies of the continental slope of the Black Sea show [10] that its large
part is exposed to effects of submarine landslides and hence the waves generated in this process should be
taken into account in risk estimation in the densely populated Black Sea coast, as well as for submarine
pipelines intended to oil and gas transportation. The authors of [38] explain the anomalous fluctuations of
the Black Sea level occurred at the Bulgarian coast on May 7, 2007 by just the landslide mechanism of surface
waves generation.

Under the lack of data on the parameters of bottom sediments, the only source of some quantitative in-
formation about the wave processes arising in the case of potential submarine landslides is a computational
experiment. The results of numerical simulation of landslide processes can be used in the design of engi-
neering structures on the shelf and the continental slope, and also in evaluation of tsunami risk in particular
areas of the coast.

In numerical experiments, a landslide is usually represented either as a rigid body moving over a flat
slope [8, 9, 18, 48], or as a certain volume of near bottom fluid differing from water by a greater density [5, 14],
or as a motion of some elasto-plastic medium [15]. In some papers (see, e.g., [24]) the motion of landslide was
not modelled, but the surface waves generated by a landslide in its initial stage of motion were determined
from empirical formulas derived on the base of numerous numerical and field studies [17]. The free surface
obtained by empirical formulas was taken as an initial condition for calculation of surface waves under the
assumption that the fluid under the initial wave was in its rest state. However, we have to note that the em-
pirical formulas used in this case are valid only for the model of rigid landslide motion over a flat slope. The
numerical experiments [4] have shown that the motion of a landslide over an uneven bottom results in a
quite another picture of generated surface waves. Therefore, the simulation of real situations has to take into
account [32] the roughness of the underwater slope and the probability of landslide deformation, as this was
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done, for example, in experimental paper [31] where the deformation of a model landslide in its motion over
an uneven surface was achieved due to its representation in the form of four rigid blocks sequentially linked
by flexible connections. A similar technique was used in numerical simulation [38] with representation of a
landslide as a finite set of blocks [46].

In this paper we use the model of quasi-deformable landslide [3], the equation of its motion was derived
with partitioning its volume into infinite number of blocks, and the force moving it over the slope was taken
as the sum of gravity, buoyancy, friction, and water resistance forces acting on infinitely small elementary
volumes. Within this model, the form of landslide surface is changed according to unevenness of the bottom
relief appearing in the course of motion (as for a deformable body), but the instant horizontal components
of the velocity vector are the same at each point of the landslide (as for a rigid body). The appropriateness of
the model is confirmed by the results of numerical studies of the specific nature of wave modes generated by
the landslide near the Papua New Guinea coast on June 17, 1998.

Numerical studies of surface waves appearing in the motion of a submarine landslide were carried out
with the use of the nonlinear dispersive (NLD) shallow water model from [13] because, in contrast with gener-
ally used NLD-models [24, 36, 47], it is invariant relative to the Galilean transformation and has a total energy
balance equations coordinated with the three-dimensional Euler model. In some papers (see, e.g., [1]), the
simulation of actual events was performed within the classic (dispersion free) shallow water model (NLSW-
model). The simulation of the same events on the base of NLD-models often leads to ambiguous conclusions.
For example, in paper [24] presenting numerical modelling of the landslide tsunami occurring on October 16,
1979 near Nice, the authors indicated that the use of wave dispersion gives the results practically identical to
those obtained from a simpler NLSW-model. Other papers (see, e.g., [16, 33, 45]) indicate that dispersive ef-
fects essentially affect the process of wave propagation especially in their lasting movement. Our researches
[6, 40, 41] for model water areas of simple geometry have shown that, in contrast to NLSW-models, the use of
NLD-models always demonstrates the appearance of systems of dispersing waves and NLD-models satisfac-
torily describe a greater number of generated landslide waves than a dispersion free shallow water model.

This paper continues the studies related to the influence of the dispersion on the picture of surface waves
generated by a landslide. In contrast with [40], here we consider landslides in the real Black Sea water area
on high-resolution grids. NLD-equations are solved by a splitting method reducing the original problem to
two more simple ones, namely, to a system of hyperbolic type equations and a scalar elliptic equation for the
dispersive component of the pressure averaged over depth. Some results of calculations performed with the
use of the NLD-model are presented. The comparison of these results with those obtained by a dispersion
free shallow water model allows us to evaluate the importance of dispersive effects at the initial stage of wave
generation by a submarine landslide in the process of their propagation in the deep-waver area and when
they enter the coastal shelf.

1 Shallow water models and numerical algorithms

We use the Cartesian coordinate system Oxyz, the axis Oz is directed vertically up and the coordinate plane
Oxy coincides with the horizontal unperturbed free surface of a layer of a perfect incompressible fluid
bounded from below by a movable bottom given by the function z = —h(x, y, t) and from above by a free
boundary z = n(x, y, t), where t is the time variable.

In shallow water models, the required values are the total depth H = n + h > 0 of the fluid layer and the
velocity vector u = (u, v). In this paper we use models of the first and the second hydrodynamic approximation
where u(x, y, t) is the horizontal component of the three-dimensional flow velocity vector averaged over the
depth of the layer. The shallow water equations have the following form [13]:

Hi+V-(Hu)=0 (11)

(Hu); + V - (Huu) + Vp = P,Vh (1.2)
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where V = (a/ ox, o/ ay), p = p(x,y, t) is obtained by integration of the pressure P = P(x, y, z, t) over the
depth of the layer, Py (x, y, t) is the pressure at the bottom.
The dispersion free NLSW-model uses the hydrostatic law of pressure variation P = g (7 - z), therefore,

H2
p=5-, Py-gH.

Here g = const is the acceleration of gravity. In the totally nonlinear NLD-model with dispersion the pressure
P is [11] a quadratic function of the vertical coordinate z, i.e.,

H? h)?
P& -2-29-0-2 0% (T - EP) D - v w?].
Therefore,
_sH® _ _og-L1(89® :
p=5--¢ P,=gH r<H+HR+VqJ Vh)
where

R=-gVn-Vh+u-((u-V)Vh) + he+2(u-Vh), r=4+|Vh
while ¢ is the dispersive component of the integrated pressure p,

3 2
0= H?[D(V-u)—(v-u)z} +H7D2h
and D = 0/dt + u - V is the total derivative operator.

We note that in comparison with the nonlinear dispersive equations proposed in [36, 47] for simulation of
surface waves generated by a submarine landslide, equations (1.1), (1.2) considered in this paper are written
in a quasi-conservative form, and in the case of flat bottom momentum balance equation (1.2) takes a totally
conservative form. Another important feature of model (1.1), (1.2) is that it admits a total energy balance law
[13] correlated with the similar law for three-dimensional equations, which confirms the physical consistency
of this model and allows us to perform additional verification of calculations. Moreover, equations (1.1), (1.2)
have the same structure as gas dynamics equations and this allows us to use algorithms based on well-studied
numerical methods of gas dynamics as this was done for classic shallow water equations approximated by
a finite difference predictor—corrector scheme [29, 42], or the MacCormack scheme on a uniform rectangular
grid [39].

In this paper we reduce the numerical algorithm solving complicated system of NLD-equations (1.1), (1.2)
containing mixed derivatives of velocity vector components to successive solution of two simpler problems
at each time step. The first problem is to determine ¢ from the equation [21]:

(Ve (Ve -VR)VRY (2 1-3 o (VR _
v <H Hr 60 (55 5+ V- (gzy) ) - F (t3)
where

F=V-<er[+R7h>—%+2(V-u)2—2(uxvy—uyvx).

This is a uniformly elliptic equation, it does not contain time derivatives for the velocity vector components
and under some restrictions [19] on |Vh]| it can be approximated by a difference scheme with a selfadjoint
positive definite operator, which guarantees the convergence of iterative methods.

The second problem is to solve the system of hyperbolic type consisting of continuity equation (1.1) and
equation (1.2) rewritten in the form of a motion equation in the dispersion free shallow water model with a
modified right-hand side, i.e.,

2
(Hu), +V - (Huu) + V% =gHVh+V - VTh (%0 +HR+ Ve - Vh) . (1.4)

The decomposition of original system (1.1), (1.2) into two more simple problems allows us to solve NLD-
equations numerically using the algorithm of NLSW-model [20, 40] modified so that the problem for equation
(1.3) is additionally solved at each step of the predictor—corrector scheme.
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We assume that in the plane z = 0 the contour of the water area is contained in a certain rectangle
covered by a uniform rectangular grid, the shore line is approximated by a polyline I' whose segments go
along coordinate lines of the grid. The no-penetration condition u - n|r = 0 is posed on the line I', where
n is the vector of the outer normal to the corresponding segment of the polyline I'. We also suppose that
the bottom is fixed near the shore. In order to simplify the boundary conditions, we align the bottom in a
neighbourhood of the shore line so that if the depth is less than a certain given value hy, it is set equal to hy,.
In this case the boundary condition for the function ¢ on a rectilinear part of the boundary I' takes the form

0 0
% - gHa—Z - 0.

We suppose the water is at rest at the initial time moment (1 = 0, u = 0).

2 Submarine landslide model

Concerning the choice of the landslide model, the evident lack of information on physical characteristics of
its motion along underwater paths leads us to conclusion to use simplified models. We consider one of such
models. We represent the function z = —h(x, y, t) as a sum of two functions, the first one z = ho(x, y) < 0 spec-
ifies the fixed bottom and the second z = hs(x, y, t) > 0 determines the upper border of the moving landslide.
The model of landslide motion used here is based on the assumption that at each time moment the position
of the landslide is determined by the point x(t) = (xc(t), ye(t), zc(t)) sliding over the bottom according to the
law of non-free motion of a material point along a curvilinear surface. The connection between the positions
of the landslide and the point x.(t) means that if at the initial time moment ¢ = O the landslide is at rest, the
function z = h?(x, y) with a finite support D, specifies its initial form, and the point x(0) has the coordinates
xc(0) = x2, yc(0) = y2, zc(0) = 22 = ho (x2,y2), and (x2,y2) € Do, then for ¢ > O the landslide surface is
given by the function hs(x, y, t) = h(x + x2 - xc(t), y + y2 - y<(t)), whose support is the set

D¢ = {(x,y) | O+ X2 = xe(), y+ye - ye() € Do}-

According to these assumptions, the surface of the landslide moving along a curvilinear slope will be de-
formed and thus we can say that the model of a real landslide is that of a quasi-deformable body.

The forces determining the landslide motion are the forces of gravity, buoyancy, friction on the bottom,
and water resistance. The calculation of the first three forces takes into account the form of landslide and its
position on the slope. The force of water resistance is calculated according to the maximal area of landslide
cross-section by a vertical plane perpendicular to the horizontal component of the velocity vector at the center
of mass. The equations for landslide motion subject to assumptions presented above were obtained in [3],
these equations include the following parameters: the landslide volume V; the coefficients of associated mass
Cw, friction Cp,, and hydrodynamic resistance Cy4; y = ps/pw > 1, where py is the water density and ps is the
density of landslide mass; Cy, = tan 9+, 9« is the angle of friction. Motion equations are solved until the
moment of landslide stop.

The working ability of the calculation algorithm was confirmed for model water areas [6, 8, 20, 21, 40, 41]
by a good correspondence of the results obtained with its use within the NLD-model with the known exper-
imental results of the laboratory of simulation of landslide processes and the calculation results obtained
with the mathematical model of potential flows of an incompressible fluid with a free boundary in the two-
dimensional [26] and three-dimensional [27] approximations. A parametric analysis of the landslide mecha-
nism of surface wave generation was performed [3, 7, 28] with the use of this algorithm by variation of such
parameters as the initial depth of the model landslide, its side and density, the coefficients of associated mass,
friction, hydrodynamic resistance, the steepness and curvature of underwater slopes of simple geometry (flat
ones, or given by analytic functions).

Using the model of a quasi-deformable landslide, we carried out a study of characteristics of the actual
tsunami appearing in the water area near the coast of Papua New Guinea on July 17, 1998. It is known [2, 16, 45]
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Figure 1. (a) Motion trajectories of the landslide center of mass for its different initial positions; (b) calculated distribution
(solid line) of maximal wave heights along the shore line, tsunami wave heights most correlated to field measurements (mark-
ers).

that this event was related to a large submarine landslide. It was studied well and thoroughly documented.
The main goal of simulation was the determination of the possible initial position of the landslide material
on the underwater slope. We considered 11 variants of initial positions including the variants quite different
from commonly accepted. The physical parameters of the landslide model were taken close to those used in
[45]. The initial form of the model landslide was specified by the formula

e % {1 +COS (271();1—)(?))} . {1 +COS (271(3;)2—)/8))} » (6, y) e Do
s\X,y) =
0, (x,y) ¢ Do

21

where Do = [x? - b1/2, x2+b1/2]x[y2 - by/2, y2 +b>/2], by and b, are the lengths of the landslide along
the axes Ox and Oy, respectively, x2 and y?2 are the given abscissa and ordinate of its center of mass, T is the
thickness.

The simulation was performed within the classic nonlinear shallow water equations with the use of the
finite-difference MacCormack scheme [39] on a uniform grid with the spatial mesh size of 100 m constructed
on the base of the digital World ocean relief of GEBCO. The use of a dispersion free NLSW-model is in ac-
cordance with the results of [35] indicating that for the event considered in this case the dispersion has no
essential influence on the process of wave propagation in a coastal zone.

Figure 1a presents the calculated trajectories of the motion of the landslide center of mass for its different
initial positions. As is seen from the figure, the landslide may stop directly on the slope in a small cavity or
‘amphitheater’ at the depth about 2500 m (trajectories 1-6) as well as continue its movement until the abyss of
the water area (trajectories 7-11). The results most close to the observed ones were obtained for the landslide
positioned at the initial time moment at the points 5 and 6.

After that we performed updating calculations where the initial positions of landslide were taken in a
neighbourhood of these two points and its parameters were specified according to the choice of the authors
of [23], in particular, we assumed that b; = 3000 m, b, = 5000 m, T = 450 m, 9« = 12°. Figure 1b shows
the distribution of the maximal wave heights along the shore line for the variant providing the best corre-
spondence to the field data [44] for the event occurring in 1998. The comparison of the obtained results with
the field data and also with the calculation results of other authors [23, 44] gives us the confidence that our
landslide model is adequate and the conjecture on localization of the initial landslide position is justified.
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Figure 2. (a) Draft fragment of the computation water area with drawn isolines of bottom relief, contours of model landslides,
and trajectories of their motion; (b) graph of velocities v (dotted lines) and accelerations a (solid lines) of centers of mass of
model landslides.

3 Some results of simulation of tsunami waves generated by
landslides in the Black Sea

The main goal of numerical experiments whose results are presented in this section was to determine the
peculiarities of wave modes in the near and far zones of the water area under different initial positions of
landslide and to evaluate the parameters affecting its motion, we also estimated the influence of the disper-
sion on the wave field. Due to strict restrictions on the size of this paper, we present here only some results for
model landslides positioned initially at the foot of the continental slope near the site of the historic landslide
[25], having the volume Vj = 40 km?, the thickness To = 200 m, and the base area Sy = 200 km?.

The initial position of the three model landslides L1, L2, and L3 having the same thickness T = T, are
schematically shown in Fig. 2a by contours of different color. For ¢t = 0 the landslides L2 and L3 have ap-
proximately the same coordinates of the center of mass (37.15°E, 44.4°N) and depth z2 = ~1769 m as the
historic landslide, but differ from it in volume and area. These distinctions are caused by the need to provide
sufficient smoothness of the surface of the model landslide required for calculations within the NLD-model
and given by formula (2.1) according to which we have V = Th1 b, /4 = TS/4. Therefore, the model landslide
L2 has the same area S = Sy as the historic one, but its volume is a quarter. For the landslide L3 with the
area S = 4S5y we have the equality of volumes V = V. The landslide L1 with the coordinates of the center of
mass (37.5°E, 44.55°N) had the same sizes as L2, but was located higher on the slope (z2 = -1598 m) at the
initial time moment.

Figure 2a also shows the trajectories of landslide motion for the following values of the parameters: Cy =
1, C4 = 1, y = 2. The values of the friction angle 9« were taken so that the model landslides passes over
the slope the same distance as the historic one (approximately 22 km [25]). Since the landslides L2 and L3
were located on a gentle (practically flat) foot of the continental slope, their trajectories occur to be close to
rectilinear ones. The long bottom deformation generates waves of small amplitude. This deformation leads
to a small increase of velocity and smooth stopping of the landslides L2 and L3 (see Fig. 2b where the left
vertical axis of the coordinate system corresponds to the absolute value of the velocity vector v = |v| and the
right one corresponds to the value a = dv/ dt).
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Figure 3. (a) Distributions of maximal amplitudes of tsunami waves generated by the model landslide L1 and calculated for the
3rd hour of physical time of their propagation; (b) distribution of maximal wave heights along a part of the shore line. NLD-
model.

At the beginning of landslide motion a positive crescent-shaped wave appears near it and this wave
spreads with formation of a lowering wave at back front. A ‘hollow’ is formed above the landslide, it ac-
companies the landslide and gradually disappears as the landslide moves into the deep zone of the water
area. With time, the lowering wave arising here begins to spread in the direction opposite to the direction of
landslide movement (into the shallow coastal water area) and after its reflection from the shore it goes to deep
water in the form of a positive wave. In this case, a landslide of greater volume, under equal other conditions,
generates higher waves on the shore (see Fig. 3b).

More dangerous waves appear in the motion of the landslide L1. Its upper part is initially positioned at
a rather steep part of the slope and hence it attains the velocity 18 m/s with a greater acceleration (for the
chosen value of 9« = 0.8°) and, falling into the underwater canyon, it has sharply turned two times and
stopped abruptly at the end of its path. Such sharp stop leads to appearance of a new element of the wave
field, namely, a considerable positive wave with large amplitudes on the shore horizon. Such effect was indi-
cated previously (see, e.g., [6, 41]) in model water areas of simple geometry. The curvilinear motion trajectory
of the landslide L1 complicates the interaction of waves generated by it and large initial accelerations be-
come the origin of considerable amplitudes along the shore line. We note that the maximal values of those
amplitudes are attained not at the coastal point closest to the landslide position, but at the place where the
leading crescent-shaped wave comes to the shore. The distribution of maximal wave elevations on the shore
is extremely irregular (see Fig. 3b) and it strongly depends on the extent of the shelf zone, coastal bathymetry,
and shore line geometry. In the case of the landslide L1, the most vulnerable parts of the coast are located
at a short distance from the center of landslide, which can be seen from Figure 3a showing the distribution
of the maximal amplitudes in the eastern part of the water area in the time of calculation and indicating,
in particular, the absence of the radial symmetry in propagation of the wave energy whose main portion is
directed towards the northern fragment of the Russian coast.

We note that the results presented above were obtained on a uniform rectangular grid covering the water
areas of the Black and Azov seas from 27°E to 42.5°E and from 40.5°N to 47.5°N. Preliminary calculations we
performed on a coarse grid constructed on the base of ‘The GEBCO One Minute Grid - 2008’ digital relief. After
that the results were recalculated on a refined grid with the mesh sizes hy = 333.28 m, hy = 463.32 m in the
directions of the Cartesian axes Ox and Oy and, finally, on the finest grid with half-sized steps hy = 166.64 m,
hy = 231.66 m. The comparison of the results calculated on these three grids at the points of location of
virtual deep sea tide gauges have shown that for the first few waves we have the convergence. However, a
detailed reproduction of the interaction between waves and the shore (a vertical wall installed at the depth of
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Figure 4. (a) Free surface calculated by the NLD-model; (b) sections of free surfaces. Landslide L1; t = 2000 s.

hw = 20 m) requires computations on grids with even greater resolution because the refining of grid reveals
subgrid details of the bathymetry and coastline which cannot be reproduced on coarse grids, but strongly
affect the dynamics of short waves in the coastal zone. One of the techniques capable of providing a sufficient
computation accuracy is the use of telescopically nested grids in a neighbourhood of the most important parts
of the coast [22].

A general view of the dynamics of the wave modes generated by a landslide can be obtained with an
appropriate choice of the sequence of free surface filed pictures calculated at different time moments. One
of such pictures is presented in Fig. 4a with the use of a color scale indicating the deviation of the water
level from its unperturbed state. As is seen from the picture, after 33 minutes from the beginning of landslide
movement the dominant elements of the wave field are the leading wave and two waves reflected from the
shore. As the distance from the source of perturbation increases, the amplitudes of these waves decrease, but
they begin to grow when the waves go into wide parts of the southern shelf and may reach two meters at the
shore line (see Fig. 3a). We should also point out the deformation of wave fronts caused by unevenness of
distributions of their motion velocities in the water area with a strongly uneven distribution of depths.

In order to estimate the influence of the dispersion on the process of wave propagation, we considered
sections of free surface distributions calculated at different time moments. The comparison of the calculations
results obtained from NLD- and NLSW-models has shown that within this range of problems the dispersion
weakly affects wave fields at the initial stage of the process and also in the interaction of waves with parts of
the coast close to the initial position of the landslide. The time of the first wave arrival to these parts occurred
to be small and hence dispersive effects cannot become apparent. The landslides L2 and L3 generate so long
waves that dispersive effects have no influence during the entire process. The dispersion of waves generated
by the landslide L1 is more visible.

Figure 4a shows the position of the section passing through the point of initial position of the center of
mass of the landslide L1 and directed to the Samsun city (Turkey). To the time corresponding to Fig. 4a, the
leading wave has passed the largest part of its path to the southern coast leaving behind a dispersive tale
of short waves of small amplitude. The dispersion is more clear after appearance of the wave (t ~ 1700 s)
caused by the abrupt stop of the landslide. This wave has steep slopes and breaks down into a series of short
waves clearly visible in the right-hand side of Fig. 4b. The dispersion free NLSW-model does not reproduce
such feature of the wave field.

We have to note an important role of the extensive shallow shelf adjacent to some parts of the southern
coast of the Black Sea, which filters out short-wave dispersion waves appearing in the deep water areas. As
the result, some tide gauges close to the shore indicate a good correlation of the results obtained from NLD-
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and NLSW-models. The mareograms calculated at most remote points of the water area are slightly different,
but these differences are not so essential as to speak of primary importance of the dispersion in formation of
the wave field near the southern coast.

More noticeable differences occur in the deep part of the water area. In particular, the amplitude of the
leading wave calculated using the NLD-model is significantly less than that determined by the NLSW-model,
and it propagates with a lesser velocity. In addition, in a long propagation process the maximum of the am-
plitude may drift to the dispersive tail (see also [16, 33, 34]).

4 Conclusion

A numerical technique for the study of surface waves appearing in the event of submarine landslide is pro-
posed. The technique is based on the simultaneous use of the model of motion of a quasi-deformable body
over a curvilinear surface [3] and the total nonlinear dispersive shallow water model taking into account the
bottom movement and derived without assumptions on the potential character of the flow and small wave
amplitudes [13]. The technique allows us to perform scenario calculations of problems close to real ones with
varying the parameters affecting the motion of landslide and also obtain a detailed wave picture on the stages
of wave generation, their spread over the water area, and interaction with near and far coastal zones.

The detailed analysis of wave fields calculated in numerical experiments has led us to several important
conclusions. In particular, it was shown that dispersive effects are clearly pronounced for more compact land-
slides and for greater values of their initial acceleration. The influence of the dispersion essentially weakens
when waves go on extended shallow zones of real water areas. The use of shallow water models of the first
approximation leads to overestimated amplitudes of spreading waves.

In this paper we does not take into account the effects related to the sphericity and rotation of the Earth,
which is explained by a small size of the Black Sea water area. Certainly, such effects and the dispersion
of waves should be taken into account for large water areas, as this was done, e.g., in [30] where a weakly
dispersive shallow water model was used for calculations. The authors of this paper plan to carry out similar
researches with the use of a more accurate model, i.e., the total nonlinear dispersive model on a rotating
sphere [12].
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